We propose a high-Q photonic crystal cavity formed by introducing random disorder to the central region of an otherwise defect-free photonic crystal slab (PhC). Three-dimensional finite-difference time-domain simulations determine the frequency, quality factor, Q, and modal volume, V, of the localized modes formed by the disorder. Relatively large Purcell factors of 500-800 are calculated for these cavities, which can be achieved for a large range of degrees of disorders.
Introduction
Photonic crystals (PhCs) have been widely investigated because they can exhibit a photonic bandgap, i.e., a frequency region in which electromagnetic waves cannot propagate within the structure. This is achieved through the periodic variation of the dielectric constant of the structure, usually implemented through the fabrication of a periodic array of holes in a thin slab of high-index material [1] . In such 2D PhCs the periodic array holes leads to Bragg reflection in the plane of the slab, which, upon appropriate design, leads to the formation of a photonic bandgap. Meanwhile, the light is OPEN ACCESS confined vertically in the slab by the total internal reflection. The presence of a photonic bandgap in PhCs gives rise to a variety of potential applications, for example they can act as filters [2] , optical switches, as promising components for photonic integrated circuits [3] , and as defect laser cavities [4] . PhC-based cavities offer compact and efficient optical confinement with high quality factors (Q) [5] and small modal volumes (V), which is advantageous for cavity QED experiments, for example using 2D geometries which can be coupled to quantum emitters [6, 7] . In particular, the high-Q and small V offers the enhancement of the spontaneous emission rate of a coupled emitter-cavity system [8] . Various emitters that have been successfully coupled to PhC cavities include quantum dots [9] [10] [11] [12] and colour centres [13] [14] [15] . PhC cavities and the associated modal confinement can be achieved by introducing a defect in the periodic lattice such as removing a hole from a 2D lattice of airholes, which leads to a localized state in the photonic bandgap. An alternative is a defect-free PhC cavity, i.e., a cavity in which none of the air holes is removed from the periodic lattice [16] [17] [18] [19] . Rather, such cavities result in PhCs made of photosensitive chalcogenide glass [20] , by the introduction of nanodiamonds into airholes [21] , and in PhCs with airholes with graded radii [16, 22] . The effect of fabrication-related positional disorder on defect-free PhC cavities has been reported [17] [18] [19] , however these studies all consider position disorder of the airholes in the entire PhC.
The fabrication of 2D PhC cavities for optical wavelength generally requires high-precision lithography techniques such as electron beam or X-ray lithography [23, 24] , since the geometrical features of PhCs designed are on the sub-wavelength scale. Inevitably, the inability to accurately fabricate features with a size which is on the order of a visible wavelength leads to imperfection. Structural characteristics which are affected during fabrication include surface roughness, sidewall angle, and the size and position of holes [25] . This has attracted much research to determine the tolerance of structures to variation of physical parameters which perturb the photonic bandgap [19, [26] [27] [28] . For PhC cavities, the parameters of interest are the resonant frequency, the quality factor, and modal volume.
In this paper, we show that high-Q cavities can be achieved by introducing local random disorder of the position of the airholes in the region around the centre of the 2D PhC. In addition to high-Q and small V, we show that such cavities can exhibit a large Purcell enhancement, which is associated with strong coupling between matter-photon interactions. The randomness of the cavity formation leads to a resonant wavelength and field distribution which cannot be predicted, which may be alleviated by the use of fluorescent molecules with slightly different resonant frequencies distributed throughout the proximity of the cavity. Section 2 outlines the theory and method, Section 3 contains the results and associated discussion.
Theory and Method
We consider a 2D silicon (n Si = 3.4) PhC slab with a hexagonal array of cylindrical air holes which extends for 36 periods both in the x-and y-directions (in-plane). The structure has a periodicity of a = 0.449 μm, slab thickness of h = 0.6a, and the radius of the cylindrical airholes is R = 0.25a. The plane positions of the 19 innermost airholes are all randomly perturbed. A schematic of the structure is shown in Figure 1a . , (x,y) = (0,0), is measured from the centre of the unperturbed blue airhole. Note: the centre airhole is perturbed in the figure; (b) Normalised frequency u of high-Q modes found for various disorder amplitudes, δ, (solid lines) relative to the air-band edge of the cavity. An arbitrarily shaped local potential well U l (δ) created from the local refractive index distribution governed by its dependence on δ and a random function (see Equation (1)). The positions of the airholes are indicated by the colours blue (C-centre), green (F-first ring) and red (S-second ring) as a function of the x-position of the airholes. In some regions of the 2D PhC slab, the local refractive index either increases (below the band gap), Δn + , or decreases (above the band gap), Δn − , depending on the random positions of the airholes. In cases where the refractive index is increased, it is possible to obtain localised states inside the bandgap as indicated by the modes with disorder amplitudes of δ = 0.1, 0.2 and 0.3.
The perturbed positions of the airholes is defined by:
where x i is the unperturbed position of the ith airhole in either of the in-plane coordinates (see Figure 1a ) of the random region, δ is the amplitude of randomness which controls the minimum and maximum value of the shift, and f ran returns a random uniformly distributed number that lies within the range [−0.5,0.5]. Note, results shown below refer to a single realisation of f ran only. We have also considered different f ran functions, i.e., ensemble behaviour, and the same trends in frequencies, total Qs, modal volume and mode profiles were also observed for each instance f ran .
The randomness generates regions of higher and lower refractive index with respect to the unperturbed PhC which manifests in a variation of the global minimum of U l (δ) for Figure 1b , where U l is the local potential well induced that traps the cavity mode induced by the disorder. The variation is not uniform; it is dependent on the position of the airholes which can be either negative or positive. The modes shown in Figure 1b exist in regions with the overall increased refractive index, which redistributes modes locally deeper into the bandgap. 3D finite-difference time-domain (using RSoft's FDTD implementation called FullWAVE, version 6.2) is used to simulate the modes of the disordered PhC. The computational domain window is halved by imposing field symmetry properties in the out-of-plane direction about the centre of the slab. Satisfactory convergence is obtained by using 28 points per period. At the computational domain boundaries, perfectly matched layers (PMLs) for width and height are 2a and 4h, respectively.
Cavity modes can be coupled to emitters enhancing their spontaneous emission rate. The degree of enhancement is given by the Purcell factor F, is given by [29] . (2) where Q is the total quality factor, is the resonant wavelength, and n is the refractive index. Q depends on the partial Qs that occur in-plane Q ∥ and out-of-plane Q ⊥ with respect to the structure's orientation (in-plane coordinates: xy-plane; out-of-plane direction: z-axis) and are related via 1/Q = 1/Q ∥ + 1/Q ⊥ . The in-plane term is further related to the partial Qs in each respective Cartesian direction: 1/Q ∥ = 1/Q x + 1/Q y [30] .
Results and Discussion
The random positions of the holes causes backscattering which yield non-propagating Bloch waves which localises the electric field [12] . Figure 1b shows that by introducing positional disorder to the cavity, a resonant mode can enter the photonic band gap (PBG). The normalised frequencies of the cavity modes with high-Q are u δ=0.1 = 0.295, u δ=0.2 = 0.293 and u δ=0.3 = 0.290. Increasing δ causes the modes to shift down in frequency away from the air band-edge and towards the centre of the PBG, which in turn corresponds to a mode which is more strongly confined in-plane. These modes are localised due to a local potential well being created and its functional form depends on δ and on the realization of the random process. Our calculations recover the frequency, the total and partial Qs and V of the disordered cavity modes. These results are given in the next section.
Total, Partial Qs and Purcell Effect
The total and partial Qs calculated for the cavity modes for increasing δ are shown in Table 1 . From Table 1 , we note that the in-plane Qs increase with δ and whereas the out-of-plane Qs decrease. This can be understood as follows: When the deviation from perfect periodicity increases more k-components enter the light cone leading to an increase in out-of-plane radiation losses. In contrast, as δ increases, the defect state goes deeper into the bandgap, thus improving the in-plane confinement and hence leading to an increase in Q ∥.
In Figure 2 , we show the calculated partial in-plane Q ∥ (crosses) and out-of-plane Q ⊥ (squares) as a function of δ. It can be seen that both partial Qs behave very differently, Q ∥ increases with random disorder, and conversely, Q ⊥ decreases. The modal volumes were also calculated for the range of δ = 0.1 and 0.3 cavities, where they were found to vary between 2.03( /n) 3 and 0.93( /n) 3 respectively (see Table 1 ). As mentioned in Section 2 the same trends in total and partial Qs were also obtained for different f ran . We have tested four different random functions. Figure 2 . In-plane (crosses) and out-of-plane (square) partial Qs of the cavity as a function of disorder amplitude δ.
Mode Profiles
The major electric field components E x and E y , and their Fourier transforms, of the in-plane coordinates for the disorder amplitudes δ = 0.1, 0.2 and 0.3 are shown in Figure 3 . Figure 3a ,c show the changes in-plane confinement for each respective mode given their associated disorder amplitude and it can be seen that the confinement around the central region of cavity improves as the disorder increases, subsequently V decreases. This is confirmed quantitatively since Q ∥ from Figure 2 varies from 1.90 × 10 4 to 3.82 × 10 5 for increasing disorder. Another indicator is the k-space distribution of Figure 3b ,d which shows that the fraction of the field that falls within the leaky light-cone is higher for larger δ, confirming the behaviour seen in Figure 2 [30] . 
Conclusions
We have shown through random local positional disorder that high-Q 2D PhC cavities can be achieved with significantly high Purcell enhancement up to F = 820 with a random disorder amplitude of δ = 0.25. This enhancement is approximately 55 times greater compared to Anderson-localized modes in a photonic crystal waveguide [31] . We have shown that a defect-free locally disordered 2D PhC slab is a promising geometry for large Purcell factors. This random disorder represents a fabrication disadvantage that can be directly addressed since cavity modes always exist below the air-band edge. Exploring this parameter space allows this seemingly fabrication disadvantage to become an advantage because modes will always be pulled into the bandgap and a high-Q can be achieved.
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